Abstract Nonlinear dynamic response of nanomechanical resonator is of very important characteristics in its application. Two categories of the tension-dominant and curvaturedominant nonlinearities are analyzed. The dynamic nonlinearity of four beam structures of nanomechanical resonator is quantitatively studied via a dimensional analysis approach. The dimensional analysis shows that for the nanomechanical resonator of tension-dominant nonlinearity, its dynamic nonlinearity decreases monotonically with increasing axial loading and increases monotonically with the increasing aspect ratio of length to thickness; the dynamic nonlinearity can only result in the hardening effects. However, for the nanomechanical resonator of the curvature-dominant nonlinearity, its dynamic nonlinearity is only dependent on axial loading. Compared with the tension-dominant nonlinearity, the curvature-dominant nonlinearity increases monotonically with increasing axial loading; its dynamic nonlinearity The project was supported by the National Natural Science Foundation of China (10721202 and 11023001) can result in both hardening and softening effects. The analysis on the dynamic nonlinearity can be very helpful to the tuning application of the nanomechanical resonator.
Introduction
The fabrication of micro/nano-electromechanical systems (MEMS/NEMS) is made possible due to the advancing technologies and state-of-art in the fields of micro/nanometrescale processing and machining [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . As its characteristic frequency scales upwards with decreasing size [9] , micro/nanometre-scale mechanical resonator/oscillator with high and ultrahigh characteristic frequency is suitable for those applications requiring both high responsivity and high frequency operation [10] , such as charge detection [2] , ultra-sensitive mass sensing [7, [12] [13] [14] [15] [16] [17] , signal processing/mixing [8] and possible quantum effect study on a macroscopic system [11] . Charles Babbage in 1834 designed the first mechanical analytic engine [5] , which is viewed as the forerunner of modern computer [19] . The advent of electronic transistor and magnetic storage technologies in 1960s, which were much superior to the mechanism of mechanical moving element in both manipulation speed and data density, resulted in the abandonment of Babbage's idea of mechanical computer [19] . Recent breakthrough in the fabrication of NEMS resonator with the fundamental characteristic frequency of 1 GHz and higher [9, 11] intrigues further research interest in this area because such breakthrough could eventually lead to the realization of high performance mechanical computer which can compete with current electronic computer. Mechanical resonator with GHz characteristic frequency which moves on time scale of a nanosecond or less makes such competition possible [19] . Recent sucNonlinear dynamic response of beam and its application in nanomechanical resonator 191 cessful fabrication of controllable nanomechanical memory element [5] and switch [6] demonstrates such rivalry potential. Even before the advent of GHz nanomechanical resonator, with the trends of the nanomechanical resonator with higher and higher fundamental characteristic frequency of MHz order being fabricated, Roukes called for the careful reexamination on the established dogma of digital electronic age and re-consideration for the abandoned design of mechanical computer envisaged by Charles Babbage [19] .
With respect to the (promising) applications and advantages of nanomechanical resonator, it still faces many serious technical challenges and difficulties, such as the fluctuation due to thermomechanical noise [10, 20, 21] ; low Q factor with decreasing size [10, 17, 18, 21, 22] , increasing magnetic field [21], increasing ambient pressure [4, 21] and dynamic nonlinear response [3] [4] [5] [6] [7] [8] 10, 11, 21, 23, 24] . Recent findings on the initial conditions-dependent antiresonance response of weakly nonlinear nanomechanical resonator [24] and strongly nonlinear response of doubly clamped nanomechanical resonator [10] demonstrate some application limitations of nanomechanical resonators because of nonlinearity. However, nonlinearity is not always harmful. The nonlinear dynamic response of nanomechanical resonator results in a bistable region, which has been successfully used as a mechanism to realize mechanical binary state [5, 6] . The nonlinearity can also be utilized to improve the charge sensitivity [25] and as a frequency stablizer in a feedback loop [26] .
Both the flexural vibration [5, 6, 8, 10, 16, 23, 26] and torsional vibration [13, 14] of nanomechanical resonator are described by Duffing equation, which possesses cubic nonlinearity [27] . The cubic nonlinearity of nanomechanical resonator beam structure arises from two sources: (1) tension due to nonlinear mid-plane stretching [10] and (2) curvature nonlinearity [10, 28] . For doubly clamped [10] , doubly hinged and hinged-clamped beam structures [27], the tension due to the nonlinear mid-plane stretching is dominantly responsible for the cubic nonlinearity in Duffing equation. For a cantilever beam, curvature nonlinearity is dominant [10, 28] . For doubly clamped, doubly hinged and hinged-clamped beam structures, their tensiondominant nonlinearity can only be valid when the structure is not slack. Slack here means that the structural length is (much) longer than the distance between the contacts/structure ends [4]. For a nanotube or a nanowire-based nanomechanical resonator which has large aspect ratio of length to thickness/radius [4, 10] , the slack doubly clamped nanomechanical resonator should be modeled as catenary rather than beam [4] . For a catenary structure, it is curvaturedominant nonlinearity [4] . To the authors' best knowledge, the nonlinearity effects of Duffing-type nanomechanical resonators has not been comprehensively studied. Anderson et al. did both theoretical and experimental studies on the curvature-dominant nonlinear dynamic response of a cantilever beam [28] . However, the axial/longitudinal loading is not included as a parameter in their studies [28] , which can significantly influence the nonlinearity of the nanomechanical resonator as shown in this paper. Tunability is a much sought-after capability in nanomechanical resonator applications [29] and it can be realized by changing the axial loading inside the nanomechanical resonator [4, 16, 18] . Therefore, it is necessary and important to incorporate the axial loading into the dynamic nonlinear response study of nanomechanical resonator. Postma et al. studied the critical amplitude for the tension-dominant nonlinearity onset of a doubly clamped nanomechanical resonator [10] . In Ref.
[10], both the aspect ratio and the axial loading are considered as two important factors impacting the beam nonlinear dynamic response. However, only one type structure of the tension-dominant nonlinearity is analyzed in Ref. [10] ; the detailed and comprehensive analyses on these two factors are not presented. Lifshitz and Cross [30] presented a very detailed analysis on the micro/nanomechanical resonators. However, our nondimensionalization scheme on the beam governing equation is different from Lifshitz and Cross's, which leads to a different Duffing equation.
Recent molecular dynamics simulation and initial experiments appear to indicate that the continuum mechanics model breaks down only for the structures with the cross section of the order of tens of lattice constants [17] . A continuum mechanics approach is thus taken in this paper. The analysis work of this paper consists of two parts. One part is to offer an overview of the dynamic nonlinear response of Duffing equation with different parameters. Duffing equation is for the system of single degree of freedom (DOF) and nanomechanical resonator is a continuous system of beam structure. The other part is to use modal analysis and Galerkin method to transform the differential-integral and differential governing equations into single DOF Duffing equation. Based on that, dimensional analysis is used to study the dynamic nonlinear response of nanomechanical resonator. Peano and Thorwart's study on the dynamic nonlinear response of nanomechanical resonator is to treat the "nonlinearity coefficient" as a variable parameter [23] . The dimensional analysis presented here relates the "nonlinearity coefficient" with the physical parameters and offers a guide on how to decrease or increase the dynamic nonlinear response of a nanomechanical resonator for different application purposes.
Duffing equation
Duffing equation of single DOF system is as follows [27] 
Here u is the system displacement, ω o is the system resonant frequency without damping, μ is positive damping coefficient, α can be either positive (hardening effects) or negative (softening effects), is a small parameter, k is the
